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Abstract 
We present a technique for building, in some Cayley graphs, a routing for which the load of 
every edge is almost the same. This technique enables us to find the edge-forwarding index of 
star graphs and complete-transposition graphs. 
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1. Introduction 
For a group G and a generating subset S c G such that 1 @S and S-’ = S, the 
Cayley graph Cuy(G, S) is defined as follows. The vertex set of Cuy(G,S) is G, and 
two vertices u, u E G are adjacent in Cuy(G, S) if and only if U-‘v E S. 
Chung et al. [3] introduced the notion of forwarding index. A routing R of a graph 
r of order n is a set of n(n - 1) elementary paths R(u, v) specified for all (ordered) 
pairs (u, u) of vertices of r. If all the paths R(u, u) are shortest paths from u to L; the 
routing R is said to be a routing of shortest paths. 
Let us call the load of a vertex v in a given routing R of a graph r, denoted 
by &r,R,v), the number of paths of R going through v (where v is not an end 
vertex). A routing for which the load of all vertices is the same will be called a 
vertex-uniform routing. The vertex-forwarding index of a network (r,R), denoted 
by <(r,R), is the maximum number of paths of R going through any vertex u in 
r : ((f, Rf = maxtiEv Qf, R, u). The minimum vertex-forwarding index over all possible 
routings of a graph r will be denoted by t(r) and be called the vertex-forwarding 
index of r : t(r) = minR <(r,R). If u and v are vertices of a graph r, we denote by 
d(u,u) the distance between u and v in r. We recall the following result which gives 
a lower bound for the vertex-forwarding index. 
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Proposition 1 (Chung et al. [3]). Let r be a simple connected graph of order n. Then 
(i) t(r) 2 (l/n) CuEY C,+, (d(u,v) - 1) 
(ii) t(r) = (l/n) CuEY ‘&, (d(u, v)- 1) ifand onZy if there exists a vertex-uniform 
routing of shortest paths in r. 
Heydemann et al. [7] have proved that in any Cayley graph there exists a vertex- 
uniform routing of shortest paths; the routings they have defined will be called HMS- 
routings. 
Heydemann et al. [7] introduced similar concepts for the edges of a graph. The 
load of an edge e in a given routing R of a graph r, denoted by Ll(r,R,e), is the 
number of paths of R going through e. A routing for which the load of all edges 
is the same will be called an edge-untform routing. The edge-forwarding index of 
(T,R), denoted by ZI(r, R), is the maximum number of paths of R going through 
any edge of r : Z;I(T,R) = rnaxeEE Ll(r,R,e) and the edge-forwarding index of r is 
defined as II(r) = minR ZI(r, R). The following result gives a lower bound for the 
edge-forwarding index. 
Proposition 2 (Heydemann et al. [7]). Let r = (V,E) be a simple connected graph of 
order n. 
0) D(r) 3 (lIIEI)C~,,),,.,d(u,v). 
(ii) D(r) = (WI) c (u,v)EVxVd(u,v) tf and only tf there exists in r an edge- 
uniform routing of shortest paths. 
Despite the similarity of the two notions, it is not true that in any Cayley graph 
there exists an edge-uniform routing of shortest paths as can be seen by considering 
the Cartesian sum of complete graphs K2 and KP for p 2 3 [7]. Moreover, it is shown 
in [6] that it is impossible to find an edge-uniform routing of shortest paths in recursive 
circulant graphs G(2m,4) for m 2 3. However, Delorme [4] and Sole [9] have found 
infinite families of Cayley graphs in which such routings exist. In this paper we present 
a framework to find, in some Cayley graphs, routings of shortest paths for which the 
load of every edge is almost the same and apply it to star graphs and complete- 
transposition graphs. 
2. HMS-routings in Cayley graphs 
2.1. Definition 
Let Cay(G, S) be a Cayley graph. Let 1 denote the identity element of G. It is easy 
to see that, for each g in G, the permutation & of G defined by &g(h) = gh is an 
automorphism of Cay(G,S) (i.e. a bijection that preserves adjacency). A HMS-routing 
R is defined as follows. For every vertex v# 1 in V, R( 1, v) is a shortest path from 1 
to v. For any x and y in V the path from x to y is defined by R(x, y) = &(R( 1,x-‘y). 
It is proved in [7] that any HMS-routing of a Cayley graph is a vertex-uniform routing. 
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2.2. Edge-forwarding index of a H&IS-routing 
2.2.1. Some notations 
Let Cay(G,S) be a Cayley graph. If v = us with s E S, we assign the type s to the 
ordered pair (u,v), the type s-’ to the ordered pair (c,u) and we say that the edge 
(24 v} is of type s or of type s-‘. 
A path P = (~0, u1 , . . . , uk) in Cay(G, S) is uniquely determined by its initial vertex 
and the sequence (si,~,... ,sk) of the types of pairs of adjacent vertices. In other 
words, for 1 d i d k, u, = ui- IS,. We denote by v,(P) the number of times 
s occurs in the sequence (81,s~ ,..., sk). 
2.2.2. Load of an edge 
Proposition 3. Let R be a HMS-routing in a Cayley graph Cay(G, S). 
edge of type s in Cay(G, S). The load of e for thr routing R is 
n(e)= c v,(R(Lu))+ c v,-~(R(l,v)). 
GG.u#l vG,c-jl 
Proof. Let e = {u, us}. For fixed v, we define the set of paths R, by R, = 
xEG}. Let R(l,u)=(l,vi,v2,...,uk=u). For any XEG we have c#~(R(l,c))= 
(X,XVI ,XZIZ, . . ,Xrk = xv). The path &(R( 1, v)) goes through e if and only if there exists 
i such that 
(a) (XQ = u and xv,+1 = US) or 
(b) (XU~ = US and xUi+ 1 = u). 
In case (a), the ordered pair (v,,ui+i) is of type s and, in case (b), the ordered pair 
(v;,vi+i) is of type s-l. Let (al,als),(az,a2s),. . ,(at,a,s), with t = v,(R(l,c)), be the 
pairs of adjacent vertices of R( 1, v) which are of type s. Let (bl, bls-' ), (b2, b2s-’ ), , 
(b,, b,s-’ ), with r = v,- I (R( 1, v)), be the pairs of adjacent vertices of R( 1, u) which are 
of type s-’ . For any i and j, bi # ajs. Indeed, since R( 1, v) is a shortest path from 1 
to o, a type s pair cannot follow a type s-r pair. The paths of R, going through e are 
the paths &(R(l,v)) for 
x=ua;‘, 1 d i < v,(R(l,c)) and x=usb,l, 1 < i ,< v,-~(R(l,v)). 
The number of them is v,(R( 1, u)) + v,-I (R( 1,~)). Since this is true for any v # 1 we 
get n(e). U 
Remark. This proposition shows that, for a HMS-routing, the load of an edge depends 
only on its type. Moreover, if we can choose the shortest paths R( 1, u) such that the 
number ZEG,+i vX(R(lYu)) + CVEG,+i v,-I (R( 1, v)) is (almost) the same for every 
s E S, then the routing R is not far from being edge-uniform. We shall use this property 
to construct routings of shortest paths in star graphs and complete-transposition graphs. 
In a Cayley graph Cay(G, S) the problem of finding a shortest path from 1 to a vertex 
v is equivalent to finding a minimal length generating sequence for the element L’. 
the generator 
Let e he un 
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In addition we want each generator s to occur (almost) the same number of times in 
the decomposition of all u in G. The problem of finding a minimal length generating 
sequence is known to be NP-hard [5]. This observation shows that our framework 
cannot be used in arbitrary Cayley graphs. Before applying it to two families of graphs, 
we give in the next section a result on matchings in bipartite graphs which will be 
helpful for our proofs. 
3. Matchings in bipartite graphs 
Let G be a bipartite graph with bipartition (X, Y). We denote by A the maximum 
degree of vertices of X. For i = 1,2,. . . , A, let Xi be the set of vertices of X of degree 
i. For each y E Y, let deg,(y) be the number of vertices in Xi adjacent to y. We define 
6i and Ai by 6i = min,Er &g,(v) and Ai =maxycr degi(v). 
Proposition 4. With the notation which we have just introduced 
(i) If Cf=, Ai/i < 1, then G contains a matching that saturates every vertex in X. 
(ii) 1f C& Si/i 2 1, then G contains a matching that saturates every vertex in Y. 
Proof. (i) Let A be a subset of X. The neighbour set N(A) of A is the set of all vertices 
adjacent to vertices in A. Let Ai = A nXi. Denote by El the set of edges incident with 
vertices in Ai and by Ei the set of edges having one end-vertex in N(A), the other in 
Xi. By definition of N(A), E;’ & Ei and therefore 
i/Ail = IEf 1 < 1E;I < AilN(A)I. 
Hence IAil < (Ai/i)lN(A)I. Summing these inequalities for i = 1,2,. . . , A, we obtain 
If Cf!, Ai/i d 1, we have [A( < (N(A)J. Then, by Konig-Hall theorem (see [2, p. 72]), 
G has a matching saturating every vertex in X. 
(ii) Let B be a subset of Y and N(B) the neighbour set of B. Let Ni(B) be the set 
of all vertices in Xi adjacent to vertices in B. Denote by Ei the set of edges having 
one end in B, the other in Ni(B), and by Ei the set of edges incident with vertices in 
Ni(B). We have Ei c Ei and therefore 
6ilBI < IE; I < IEiI =ilNi(B)I. 
Hence (Si/i)lBI Q IN;:(B)I. S umming these inequalities for i = 1,2,. . . , A, we obtain 
A 6i 
IBI c 7 G IN( 
i=l 
If Cf!, &/i 2 1, we have IBI d IN( and, by Konig-Hall theorem, G has a matching 
saturating every vertex in Y. 0 
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Fig. 1. The star-graph St4. 
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4. Star graphs 
4.1. De$nition 
The product pq of two permutations p and q over { 1,2,. . . , n} is defined by pq(x) = 
p(q(x)); this is the usual (right to left) composition of mappings. With respect to 
this operation, all the permutations over { 1,2,. , n} form a group, the symmetric 
permutation group S,. For i = 2,. . , n, we denote by tj the transposition that swaps 
1 and i. The n-star graph St,, is the Cayley graph defined on S,,, generated by the 
transpositions ti, i = 2,. . . , n. In other words, the vertices of St,, are the permutations 
of the set {1,2,..., n}; a permutation is connected to every other permutation that can 
be obtained from it by exchanging the first symbol with any of the other symbols. 
St, is the cycle on 6 vertices, Fig. 1 gives an illustration of Std. 
In [l], Akers and Krishnamurthy examine the properties of the star graph and show 
that it is an especially attractive alternative to the n-cube. 
4.2. Edge-forwarding index 
The following theorem shows that the edge-forwarding index of the n-star graph 
achieves (within one) the lower bound of Proposition 2. 
Theorem 5. The edge-forwarding index of the n-star graph satisjies 
2(n - l)!(n - l)+ [2a] < II(St,) d 2(n - l)!(n - 1)+2[al 
where c( = (n - 2)! Cy&i (n - i)/i. 
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Proof. We are going to define a HMS-routing of St,, for which the load of an edge 
is at most the upper bound. Recall that finding a shortest path from id to any 0 is 
equivalent to finding a minimal length generating sequence (MLGS for short) for CT. 
Any permutation 0 ES, is a product of disjoint cycles: o = @I, Cy where 
_ Ci’ is the cycle containing 1; if 1 is a fixed point of cr, CP has length 1. 
- For i > 2, Cy is a cycle of length at least 2. 
We denote by e(Cp) the length of the cycle Cy. Let Ci’ = (l,ar,az,. . . ,uk) with 
k = f(Ci’) - 1. Then Ci’ = tak tak_, . . . ta, . If k = 0, we have Cf = id. Notice that each 
generator tak, tak_, . . . , ta, appears exactly once in this sequence. For i > 2, C,!’ = (a~, al, 
a2,...,ak) with k=QCy)- 1. Then 
C~=t&,t,,_, . ..&.&I~. 
Notice that the generator ta,, occurs twice in this sequence, the generators tak, tak_ , , . . . , t a, 
exactly once . Using this, we can express 0 as a product of transpositions ti. The number 
of them is 
k” 
e(q) - 1+ c (e(q)+ 1). 
i=2 
This is a MLGS for C-J since, in the n-star graph, this number is the distance from id 
to 0 (see [l] or [8]). 
Observe that, for each i, 1 < i < k, the cycles (uo,ui,u2,. . . ,ak) and (Ui,ui+r,. . . ,ak, 
uo, . . . , ~~-1) are equal (subscripts addition is modulo k + 1). In each Cy, i > 2, we 
must correctly choose the generator which is used twice. To this aim we construct a 
bipartite graph B with bipartition (X, Y). 
The set X is the set of all ordered pairs (cr, Cy) where cr ES,, and 2 d i < k”. 
Let C be a cycle of length i, i 3 2, which does not contain 1. There exist (n - i)! 
permutations having C as a factor in their decomposition into a product of dis- 
joint cycles. For 2 < i < n - 1, the number of ordered i-subsets of {2,3,. . . ,n} is 
(n - l)!/(n - 1 - i)!. But the i ordered subsets (ui,~,. . . ,ai), (~2,. . . ,a;,ul), (~3,. . . ,ai, 
~l,~Z),...,(~i,~l,~2,.. . , ai_1) give rise to the same cycle. Therefore, the number of 
cycles of S, of length i, i 2 2, which do not contain 1 is (n - 1 )!/i(n - 1 - i)!. Hence 
we obtain the number of elements in X: 
IX/= g ,,‘yy “l),(n - i)! =(n - I)! ? F. 
i=2 
Let c1= IX//n - 1, that is CI = (n - 2)! CyI;(n - i)/i. 
The set Y is the set of all ordered pairs (k,j) for k = 2,3,. . . , n and 
We have IY( = [a](n - 1). 
j= 1,2,..., [g 
G. Gauyacql Discrete Applied Mathematics 80 (1997) 149-160 155 
The edges are the pairs {(o,C~),(k,j)} with k E Cp. That is to say, (c~,Cp) is joined 
to (k, j) if and only if tk can be used twice in the decomposition of Cp. 
Hus B a matching that saturates every vertex in X? We use the notations of Section 3. 
The element (0, Cy) of X has degree [cll!(Cp). Notice that 2 < k’(C:) < n - 1. 
Let (k,j) E Y. For 2 d Y < n - 1, deg,,=, ((k, j)) is the number of (CJ, Cp) in X such 
that e(Cp) = Y and k E Cy. There are (n - 2)!/(n - 2 - Y + l)! cycles of length Y which 
contain k and do not contain 1. Each of them is a factor of the decomposition of (n-r)! 
permutations. Hence 
&qml((kj))=(n -Ryan (n2~~)~ 1), = (n - r)(n - 2)!. 
Therefore d,ral = (n - r)(n - 2)!. We get 
II-1 
A i- rz1 c-= +I (n - r)(n - 2)! 
rz2 rrx1 c r=2 rrgl 
d 2 (n-~Yi.C.-2)! =1 
i-=2 
then, by Proposition 4, B contains a matching that saturates every vertex in X. 
Now we can define a mapping V from X into {2,3,. . , n} by: ‘$?(cr, Cp) = k if and 
only if, for some j, (o,C/‘) and (k, j) are matched under the previous matching. For 
any permutation and any of its cycles which does not contain 1, the mapping V selects 
an element of the cycle. By definition of %?, each element in {2,3,. . . , n} is selected 
at most 1~1 times. 
Then we have defined a MLGS for each Q ES, by 
(T= 
i=l 
Cy=(l,ar,az ,..., &)‘&&_ ,... tat. For i32, let aa=~(o,C~). Then 
All these MLGS give rise to a HMS-routing R of the n-star graph. Let us calculate 
the load of an edge. By Proposition 3, the load of an edge e of type tr is 
IT(e) = 2 c vt(R(id, 0)). 
cES,,c#id 
The generator t, appears twice in the MLGS of the permutations c which satisfy 
r = %‘(o, CF); the number of them is at most [al. It appears exactly once in the MLGS 
of the other permutations that do not fix r. Therefore 
c v,,(R(i4 fl)> d 
uiES,,,rrfid 
Thus 
(n- l)(n- l)!+ [u]. 
II(S(n)) f 2(n - l)(n - - l)! +2[c?l. 
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12 12 4096 1 7 1 5040 1 6 9 8796 ) 
Fig. 2. Comparison between n-cubes and star graphs. 
The lower bound follows from Proposition 2. First, we calculate C, = CoES,,,+, 
d(id,a). Let a# id a permutation of S,,, o = nf:, Cp. Recall that 
kh 
d(id,a)=f(Cf)- 1+ x(QCy)+ 1). 
i=2 
For 2 <i d n, there are (n - l)!/(n - i)! cycles of length i containing 1 and (n - l)!/ 
i(n - 1 - i)! cycles of length i without 1. Moreover, a given i-cycle appears in the 
decomposition composition of (n - i)! permutations. Hence 
=~(i-I)~(~-i)!+~(i+I)i(~lil):)!(ni)! 
i=2 i=2 
n (n - i)(i+ 1) 
=(n- 1,!?+(,- l)!C 
i=2 
i 
=@_ $@fL) +(n-l)!fJn-i)+(n-l)!ey 
i=2 i=2 
n (n-i) 
=(n_I)!~+(,-If!(n-l~n-2)+(n-*)!C~. 
i=2 
The number of edges in St, is n!(n - 1)/2 and CuESf,,vESt” d(u,u)=n!C,. Then, 
Proposition 2 gives for ZI(St,) the following lower bound: 
b c d(u,u)=n(n-l)!+(n-2)+1)!+2(n-2)!$+) 
uESt.,uEStn is 
= (2n - 2)(n - 1 )! + 25x. 
This ends the proof of Theorem 5. q 
Table in Fig. 2 provides a comparison of various n-cubes against comparable n-star 
graphs; it completes the one given in [I]. 
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5. Complete-transposition graphs 
5.1. Dejnition 
Complete-transposition graphs are defined by Lakshmivarahan et al. [8]. The 
complete-transposition graph CT, is a Cayley graph on the symmetric group S, with 
generator set { z,j / 1 < i < j < n} where G.j denotes the transposition that swaps i 
and j. 
5.2. Edge-forwarding index 
The following theorem shows that the edge-forwarding index of complete- 
transposition graph achieves (within one) the lower bound of Proposition 2. 
Theorem 6. The edge-forwarding index of the complete-transposition graph CT, sat- 
isfies 
2(n - 2)!(2n - 3) - L2p] < II(CT,) < 2(n - 2)!(2n - 3) - 2L/?J 
where fl= 2(n - 2)! Cyz, l/i. 
Proof. The proof is similar to the one of Theorem 5. 
In order to define a HMS-routing of C& for which the load of an edge is at most 
the upper bound, we shall give a MLGS for any c in S,. Any o E S,, can be expressed 
as a product of disjoint cycles: c = IIFL,Cio where, for each i > 1, C,! is a cycle of 
length at least 2. For i>l, let Cy=(al,az,...,ak) with k=e(Cy). Then 
C; = r,,.,,T,,,,, . . . T,,_,,,,. 
Using this, we can express CJ as a product of generators 7;,j. The number of them is 
j_: (e(cp) - 1). 
i=l 
This is a MLGS for o since, from [S], this number is equal to the distance from id to 
v in CT,. 
Notice that (al, a2,. . . , ak)=(ai,ai+l,..., ak,al,..., ai_,) for each i, 16 i ,<k (sub- 
scripts addition is modulo k). When /(CIT)>3, we must select among T,,,,,, T,,,,,, . . . , 
T ak_,,ak, Tak,a, the generator that has to be removed. To this aim we construct a bipartite 
graph B with bipartition (X, Y). 
The set X is the set of all ordered pairs (cr, Cr) where cr E S,, 1 < i < k” and QCP) > 3. 
The number of cycles of S, of length i, i33, is n!/i(n - i)!. For a given i-cycle C 
there are (n - i)! permutations having C as a factor in their decomposition as a product 
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of disjoint cycles. Hence we obtain the number of elements in X: 
ILq=k. i=3 &(n - i)! =n! i: J 
i=3 I 
Let /i = iXi/n(n - 1)/2, that is /3 =2(n - 2)! cF=, l/i. 
The set Y is the set of all ordered pairs ({i,j},k) where {i,j} is a 2-subset of 
{1,2,..., n} and k=1,2 ,..., LBJ. We have IY(=[P]n(n- 1)/2. 
Dejinition of the edges: ((T,C;) is adjacent to ({i,j},k) if and only if C,(i)= j or 
Ci( j) = i. 
Has B a matching that saturates every vertex in Y? The notations are those of 
Section 3. The element (a, Ci) of X has degree [b]/(Ci). Notice that 3 < e(Ci) < n. 
Let ({i,j},k)E Y. For 3 6 Y d n, deg,.LBJ(({i,j},k)) is the number of (a,Ci) in X 
such that /(C:) = Y and (C;(i) = j or C’(j) = i). There are (n - 2)!/(n - 2 - Y + 2)! 
cycles C of length Y such that C(i) = j and (n - 2)!/(n - 2 - Y + 2)! cycles C of 
length r such that C(j) = i. Each of them appears in the decomposition of (n - r)! 
permutations. Hence 
(n - 2)! 
deg,.LBJ(({i,j},k))=2(n - r)!(n=2(n-2)!. 
Therefore &LBJ =2(n - 2)!. We get 
then, by Proposition 4, B contains a matching that saturates every vertex in Y. Now 
we define the mapping %? from X to the set of all 2-subsets of { 1,2,. . . , n} by: 
if, for some k, (a, Ci) and ({i, j}, k) are matched under the previous matching then, 
%?(o, Ci) = {i, j}. 
else, let i and j be two elements of Cl such that C:(i) = j then, %‘(u, C’) = {i, j}. 
The mapping %? selects a pair of consecutive elements in each cycle of a permutation. 
By definition of 97, each pair of { 1,2,. . . , n} is selected at least [PJ times. 
Then we have defined a MLGS for each cr ES,, by 
0= ficp, for ia 1, let Cl? = (al,az,. . . , ak) with {al, ak} = %(a, Cl?). Then 
i=l 
C,!= = Ta,,,,G,,,, . . . ~a,_,,a,. 
All these MLGS give rise to a HMS-routing R of CT,. 
The generator Z& appears exactly once in the MLGS of the permutations a satisfying 
(a(i) =j or a(j) = i) and, for all p, {i, j} # %(a, Ci). 
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The MLGS of the other permutations does not contain the generator 7;,j. The number 
ofpermutationsasuchthata(i)=jora(j)=iis2(n-l)!-(n-2)!=(2n-3)(n-2)!. 
Among these permutations there are at least [j?] such that {i, j} = %?(o, Ci). 
Therefore 
C q,(R(id,a)) 6 (2n - 3)(n - 2)! - LB]. 
&S,. ofid 
Thus, by Proposition 3, 
II(Cr,) d 2(2n - 3)(n - 2)! - 21/I]. 
The lower bound follows from Proposition 2. First, we calculate C, = ~aE~,,Of,d d 
(id, a). Let O- # id a permutation of S,, cr = nf:, Cl?. Recall that 
d(id,o)=&b(Cy) - 1). 
2x1 
For 2 d i d n, there are n!/i(n - i)! cycles of length i. Moreover, a given i-cycle 
appears in the decomposition of (n - i)! permutations. Hence 
c,= c &C(C,Y)-1) 
wS,,,a#id i=l 
=e 
i=2 
(i - 1 I&(, - i>! 
=n! 
n i-l 
CT 
i=2 
=n! (n-;-g;) 
The number of edges in CT, is 
and CUECZ,VECT, ( d u, u) = n!C,. Then, Proposition 2 gives for Il( CT,) the following 
lower bound: 
& c 4u~u)=-$yj 
UECT,,OECT, 
= 2(n - 2)!(2n - 3) - 2p. 
This ends the proof of Theorem 6. 0 
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Open problem. Does Proposition 3 enable us to construct (almost) edge-uniform rout- 
ings in other Cayley graphs of permutation group S,, generated by transpositions? 
In particular, does such a routing exist in the bubble-sort graph, i.e. the Cayley graph 
generated by the transpositions 7;,i+i for 1 < i <n? 
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